We study stability properties and truncation errors of the finite-volume ADER schemes on structured meshes as applied to the linear advection equation with constant coefficients in one-, two-and threespatial dimensions. Stability of linear ADER schemes is analysed by means of the von Neumann method. For nonlinear schemes, we deduce the stability region from numerical experiments. The truncation error analysis is carried out for linear ADER schemes in one-, two-and three-space dimensions and for nonlinear ADER schemes in one-space dimension.
Introduction
ADER is a recent Godunov-type approach to the construction of arbitrary high-order essentially nonoscillatory advection schemes for hyperbolic conservation laws. The original formulation was given for linear constant coefficient equations in one-, two-and three-space dimensions (Toro et al., 2001) . For nonlinear hyperbolic systems with reactive source terms, temporal evolution in ADER is based on the approximate solution of the derivative Riemann problem, reported in , 2006 . The resulting ADER numerical flux has been used in the construction of finite-volume schemes on structured Cartesian Dumbser et al., 2006) and unstructured triangular meshes (Käser & Iske, 2005) as well as in discontinuous Galerkin (DG) schemes (Dumbser & Munz, 2005) .
Despite significant advances in the development of ADER schemes made in recent years, only limited analysis of their properties has been carried out. So far, only linear schemes with a centred stencil have been studied (Dumbser et al., 2006) . The aim of the present paper is to study stability properties and truncation errors of the more general finite-volume ADER schemes on structured meshes as applied to the linear advection equation with constant coefficients in one-, two-and three-spatial dimensions. The stability of linear ADER schemes is analysed by means of the von Neumann method. Due to the complexity of the resulting expressions for the amplification factor, we adopt the idea of Colella (1990) and Toro & Billett (2000) to verify the stability condition numerically rather than analytically. For nonlinear schemes, we deduce the stability region from numerical experiments. The truncation error analysis is carried out for linear ADER schemes in one-, two-and three-space dimensions. In one-space dimension, we additionally analyse the nonlinear ADER schemes as well as special ADER-WAF methods .
The rest of the paper is organized as follows: The analysis of schemes in one-spatial dimension is carried out in Section 2. Section 3 is devoted to 2D schemes, whereas the 3D scheme is studied in Section 4. Conclusions are drawn in Section 5.
1D schemes

General framework
We consider the model linear advection equation
where a > 0 is the constant propagation speed. The ADER schemes are written as follows:
In one-spatial dimension, the most general formulation is the flux-expansion ADER-WAF scheme . Let P i (x) and P i+1 (x) be the left and right reconstruction polynomials for calculating the intercell flux f i+1/2 . Then, when applied to (2.1), the ADER-WAF flux reads as follows:
Here, the WAF flux limiter φ
i+1/2 is calculated separately for each spatial derivative. The ADER-WAF scheme may thus contain two nonlinearities: one is due to the TVD limiter φ (k) i+1/2 and the other is due to the possible use of the nonlinear, solution-adaptive reconstruction. The particular choice of the flux limiter φ ≡ sign a gives the conventional upwind ADER schemes , both linear and nonlinear.
In general, it is very difficult, if at all possible, to analyse the scheme when a TVD limiter is used due to the fact that the limiter does not depend continuously on the data. Therefore, we restrict our analysis to the following simplified variant of the scheme:
The expression for the flux (2.3) takes the following form:
In order to avoid confusion with the complete ADER-WAF version, given by (2.3), we call the scheme with the flux (2.4) the ADER-φ scheme. The flux (2.4) differs from (2.3) in that φ depends neither on the interface position x i+1/2 nor on the order of the spatial derivative k. However, this simplified ADER-φ scheme does include the conventional ADER choice of φ = sign a or the case of the secondorder Lax-Wendroff flux φ ≡ K x as the building block for each term in the flux expansion (2.3). Here, K x = a∆t/∆x is the CFL number. Thus, the ADER-φ scheme allows us to study the effect of using higher-order building blocks in ADER schemes. We remark that the scheme may still be nonlinear due to the adaptive reconstruction procedure.
The simplest 1D ADER scheme is the linear scheme with the fixed-stencil reconstruction and the first-order upwind flux as building block (φ = sign a). Recall that for the r th-order scheme, we need to have a reconstruction polynomial of order r − 1. For a given cell i, there are r polynomials p (l) i constructed from the stencils S l = (i − l, . . . , i + r − l). Here, l = 0, 1, . . . , r is the shift of the stencil with respect to the index i. We denote by f (l) i+1/2 the ADER flux which is obtained by setting
i (x) and φ = sign a:
ADER-φ schemes use the more accurate weighted essentially nonoscillatory (WENO) reconstruction procedure to obtain the reconstructed values of the solution at the cell interface position, see Liu et al. (1994) , Jiang & Shu (1996) , Balsara & Shu (2000) and references therein. The basic WENO idea is to combine all r reconstruction polynomials to build up a more accurate reconstruction polynomial 6) where the so-called optimal weights d k are taken from Jiang & Shu (1996) and Balsara & Shu (2000) . Note that the weights are associated with the specific choice of the reconstruction point x = x i+1/2 and are different for P i (x i+1/2 − 0) and P i+1 (x i+1/2 + 0), see Jiang & Shu (1996) . In the nonlinear version of the scheme, the linear weights d k are replaced by the nonlinear, solution-adaptive WENO weights ω k given by the following formulae (see Jiang & Shu, 1996) :
Here, β k are the so-called smoothness indicators and p is a parameter which ensures that the discontinuous stencils are assigned small weights. We use the typical value p = 2. We remark that the leading term of the truncation error of these schemes does not depend on the value of p. A small constant ε is added to avoid division by zero. For the purpose of analysis, we set ε = 0. Finally, the reconstruction polynomials obtained by replacing linear weights in (2.6) by nonlinear weights ω k are
It follows from the linearity of the advection equation that for a given order of accuracy r , the description of ADER-φ schemes is complete once we provide expressions for the fixed-stencil fluxes f (l) i+1/2 . Note that the flux of the r th-order ADER scheme with WENO reconstruction uses for reconstruction a combination of r polynomials of degree r −1. The stencils of these polynomials form a larger stencil of 2r − 1 cells from which one can construct a polynomial of higher degree s = 2r − 2 and use it for the flux evaluation. The corresponding ADERr -s scheme will have the same r th order of temporal accuracy but a higher-order spatial discretization. It is therefore interesting to study its properties and compare it with other ADER schemes.
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For a given order of temporal accuracy r , we analyse three families of ADER schemes: (i) fixedstencil ADERr schemes with p (l) i (x) polynomials for reconstruction; (ii) ADERr -s schemes with reconstruction polynomials of order s = 2r − 2 and (iii) ADER-φ schemes with linear (2.6) and nonlinear (2.7) WENO reconstructions. Depending on the choice of φ we may have conventional ADERr schemes (φ = sign a) as well as ADER schemes with the Lax-Wendroff flux, denoted by ADERr -LW (φ = K x ).
We limit our study to the third-order, r = 3, and fourth order, r = 4, cases. There are three third-order fixed-stencil schemes with parabolic reconstruction polynomials: downwind-biased (l = 0), upwind-biased (l = 1) and one-sided upwind (l = 2). The flux of the ADER3-φ scheme with weighted piece-wise parabolic reconstruction (Jiang & Shu, 1996) can be obtained as a sum of these fixed-stencil fluxes with the WENO weights. We also consider the third-order ADER3-5 scheme, which has the same stencil as scheme (2.6) but uses a fixed fourth-order polynomial for reconstruction. The stencil of the ADER3-5 scheme consists of six cells and is upwind-biased.
Fourth-order fixed-stencil schemes use piece-wise cubic reconstruction. There are now four candidate schemes: downwind-biased (l = 0), symmetric or centred (l = 1), upwind-biased (l = 2) and one-sided upwind (l = 3). For the fourth-order schemes with WENO reconstruction, we limit our analysis to the linear ADER4-φ. Finally, we can construct the fourth-order ADER4-7 scheme, which has the same stencil as scheme (2.4) with WENO reconstruction but uses a fixed sixth-degree polynomial for reconstruction. The expression for the flux is omitted.
Stability analysis
The von Neumann stability analysis of the linear versions of our schemes is performed as follows: We consider a 'trial solution' v n i = A n exp(Iiα), where A is the amplitude, α = P∆x is the phase angle, P is the wave number (not to be confused with the reconstruction polynomial), λ = 2π/P is the wave length and I = √ −1 is the unit imaginary number. Inserting the trial solution in the compact expression for the scheme in the form v n+1 i = l b l v n i+l , we obtain the following algebraic expression for the modulus of the amplitude A:
Here, b l are the coefficients of the schemes. A necessary condition for stability is |A| 1. However, the resulting algebraic expression for the modulus of the amplification factor (2.8) is rather complicated and untractable for algebraic analysis. We therefore verify the condition |A| 1 numerically rather than analytically by evaluating |A| for many values of the phase angle α. This would give us a good and reliable indication of the stability region of the scheme. See Colella (1990) and Toro & Billett (2000) for more details on this procedure.
The results of the stability study are summarized in Tables 1 and 2 . For a fixed order of accuracy r , linear fixed-stencil schemes differ only by the shift of the stencil l with respect to the cell i. We see that the stability properties of these schemes depend both on the shift l and the degree of the polynomial r . The most unusual stability regions are those of the fourth-order upwind-biased scheme (twice that of the Godunov scheme) and the one-sided upwind fourth-order scheme. In fact, the stability region of the latter scheme renders it impractical unless combined with other methods. Overall, the stability regions of schemes of even and odd orders of accuracy are quite different. Compared to linear fixed-stencil schemes, ADER schemes with increased orders of spatial accuracy (ADER3-5 and ADER4-7) have ADER4-LW Stable for K x 0.08 reduced stability regions. The reduction of the size of the stability region is again expected and has been observed for other schemes in which the temporal accuracy does not match the spatial accuracy. Next, we consider schemes with linear and nonlinear WENO reconstruction. We observe that the linear versions of the schemes have a reduced stability region K x 0.4 for ADER3 and K x 0.2 for ADER4. Moreover, the linear ADER3-LW scheme is unstable. We remark, however, that for both schemes, the maximum value of |A| is only slightly larger than unity in the region 0 K x 1. The linear ADER4-LW scheme is stable with a very stringent stability condition K x 0.08. Since the above spectral stability analysis is valid for linear schemes only, we have investigated the stability properties of nonlinear schemes for the special initial data in the form of an isolated harmonic wave and found that the nonlinear ADER schemes are stable up to K x = 1. The same analysis shows that the nonlinear version of the ADER3-LW scheme is still unstable for small K x , but its instability becomes less severe. Therefore, we estimate the stability condition of the nonlinear schemes ADER-WAF from numerical experiments. After an exhaustive study for both smooth and discontinuous solutions, we found that these schemes are stable under a conventional stability condition K x 1. Therefore, despite the fact that the linear schemes are unstable, the nonlinear versions are completely stable.
We remark that it is not unusual that the nonlinear version of a scheme is stable when the linear one is not. For example, see Kolgan (1972 Kolgan ( , 1975 for the spatially second-order Godunov schemes whose nonlinear nonoscillatory versions are proven to be stable even though their linear counterparts are unconditionally unstable. 
One-sided upwind
Truncation error analysis
The accuracy of the schemes can be analysed by studying the leading term ε(∆x, ∆t) of their truncation errors, which in the 1D case can be written as
Here, r is the order of the scheme. The accuracy of different schemes of a given order r can be compared by studying the coefficients Φ(K x ) of the leading term. We list expressions for Φ(K x ) for all schemes in Tables 3 and 4 . Additionally, we plot Φ(K x ) against the CFL number in Figs 1 and 2. For the linear schemes with a fixed-stencil reconstruction, we observe that the one-sided upwind schemes have the largest error. Among fourth-order accurate schemes, the centred stencil has the smallest error. The upwind-biased schemes have an average accuracy. For the special case of K x = 1, the leading term of the truncation error vanishes for all schemes which can also be easily seen from the expressions for v n+1 i as a function of values of v on the time level t n . It is also obvious that the overall formal order of accuracy of ADER3-5 and ADER4-7 schemes is not increased by increasing the spatial accuracy. However, from Figs 1 and 2 it is clear that the actual error of these two schemes for the range of stable Courant numbers is considerably smaller than that of the fixed-stencil schemes.
Finally, we consider the linear and nonlinear ADER-φ schemes with WENO reconstruction. First, we observe that there is no difference in the leading term of the truncation error between a scheme with linear and nonlinear WENO reconstruction. The truncation error vanishes for K x = 1. Second, we conclude that all schemes with WENO reconstruction are significantly more accurate than the corresponding schemes with fixed-stencil reconstruction. As compared to the ADERr -s schemes, the use of WENO reconstruction improves the accuracy for large K x close to unity. Finally, we see that the use of a weighted flux instead of a first-order upwind flux as a building block does not affect the accuracy of the scheme for all φ. Moreover, the second-order scheme becomes third order in the case φ = K x .
Multidimensional case
2D schemes
Consider the model 2D linear advection equation
where a, b > 0 are constant propagation speeds. The scheme now reads
Generally speaking, the spatial integrals along the cell edges in the numerical flux should be approximated numerically, using a Gaussian quadrature. However, in this section we study fixed-stencil schemes only. In this case, for the linear advection equation, we can use exact spatial integration in the expression for the numerical fluxes.
Suppose that the reconstruction polynomial of degree r − 1 for the cell i, j is given by P i j (x, y). For the linear constant coefficient equation in the case a, b > 0, the final expression for the fixed-stencil flux f i+1/2, j of order r reads (Toro et al., 2001) 
Note that (3.3) includes all mixed spatial derivatives up to the order r − 1. The construction of the reconstruction polynomial P i j (x, y) of degree r − 1 for the r th-order scheme requires the use of the 2D stencil with cells (i − l x , . . . , i − l x + r ) × ( j − l y , . . . , j − l y + r ), where l x , l y are shifts of the stencil with respect to the cell i, j in the x-and y-coordinate directions, respectively. Performing exact integration over the cell edges, we obtain explicit expressions for the x-flux of the 2D fixed-stencil ADER schemes which will depend on the CFL coefficients K x = a∆t/∆x and K y = b∆t/∆y. The flux in the y direction is formulated in an entirely analogous way and can be obtained from (3.3) by interchanging the x and y directions. Substituting f i+1/2, j and g i, j+1/2 into the conservative update formula (3.2), we obtain the expression for the scheme.
Analysis
We analyse a number of 2D schemes. The first scheme is the third-order upwind-biased scheme which corresponds to the choice l x = l y = 1 in the reconstruction stencil. Then, we study two fourth-order schemes with cubic reconstruction polynomials. One is the upwind-biased (l x = l y = 2) scheme, whereas the other uses centred reconstruction in the direction normal to the face (x direction for f i+1/2, j ) and upwind position of the stencil in the other direction. This choice of the stencil corresponds to l x = l and l y = 1. The last scheme to consider is the ADER3-4 scheme which is obtained by combining cubic reconstruction with l x = l y = 2 from the fourth-order version and third-order time discretization. The resulting scheme is referred to as the ADER3-4 scheme.
The von Neumann stability analysis of our schemes can be performed as follows: We consider a trial solution v n i j = A n exp (I(iα + jβ)), where A is the amplitude and α and β are the phase angles in the x and y directions. Again, we write down the schemes in the concise form
where b lm are the coefficients of the schemes. Inserting the trial solution in the expression above, we obtain the following algebraic expression for the square of the modulus of A:
A necessary condition for stability is |A| 1. The complexity of the algebraic expression for the amplification factor in two-space dimensions does not allow an analytical study. Instead, we again perform a numerical study to get an 'indication' of the stability of the scheme. For a given pair (K x , K y ), we evaluate the amplification factor A(K x , K y , α, β) for many phase angles α, β and record the proportion p(K x , K y ) of these pairs for which |A| 1. Then, a contour plot of p(K x , K y ) in the K x -K y plane will indicate the stability region of the scheme.
Figures 3-6 show stability contour plots of p(K x , K y ) for the ADER schemes in question. The stability regions of the schemes have the form of a triangle
where the value of S depends on the scheme. The upwind-biased ADER3 scheme has a conventional stability condition with S = 1 above. The stability regions of the fourth-order schemes depend on the reconstruction used. The scheme with a centred stencil is stable with S = 0.75, whereas the upwindbiased scheme has a much larger stability region, approximately twice that of the ADER3 scheme. In practice, the time step for this scheme can be chosen using the value S = 1.75. The stability region of the ADER3-4 scheme with an upwind-biased stencil is slightly larger than the conventional one. In practice, the time step for this scheme can be chosen using the value S = 1.25. Therefore, as in the 1D case, the use of a higher-order spatial reconstruction affects the stability region of the scheme. If one of the advection coefficients of the equation is zero for all schemes, we recover the 1D stability region for most of the schemes except the centred ADER4.
To find the truncation error of the scheme, we have to insert the exact solution v(x, y, t) into the difference scheme and obtain the expression for the leading term of the truncation error ε(∆x, ∆y, ∆t) as a function of the Courant numbers K x and K y . Direct evaluation of these expressions for the thirdand fourth-order schemes shows that they do achieve the required order of accuracy for finite Courant numbers. In two limiting cases of 1D advection, we recover the corresponding truncation errors of 1D schemes. The corresponding expressions are omitted.
3D schemes
We consider the model 3D linear advection equation
where a, b and c are constant propagation speeds. The scheme is written as
Suppose the reconstruction polynomial for the cell i, j, k is given by P i jk (x, y, z) . Then, the flux f i+1/2, j,k of order r reads
Performing exact integration over the cell edges, we can obtain an explicit expression for the 3D fixed-stencil ADER flux in the x-coordinate direction. The fluxes in the other coordinate directions are formulated in an entirely analogous way.
We limit our study to the upwind-biased third-order ADER scheme. The corresponding parabolic reconstruction polynomial for f i+1/2, j,k uses the following 2D stencil of 27 cells:
. The explicit expression for the flux is omitted for the sake of brevity.
For von Neumann stability analysis, we consider a trial solution
where A is the amplitude and α, β and γ are the phase angles in the x, y and z directions. We now write down the scheme in the form
where b lmp are the coefficients. Inserting the trial solution in the expression above, we obtain the following algebraic expression for the square of the modulus of A:
A necessary condition for stability is |A| 1. Let K z = c∆t/∆z be the CFL number in the z direction. For a given set (K x , K y , K z ), we evaluate the amplification factor for many phase angles and record the corresponding proportion p(K x , K y , K y ) for which |A| 1. Then, a contour plot of p(K x , K y , K z ) in the K x -K y plane for a given value of K z will indicate the stability region of the scheme. Our analysis shows that the stability regions of the ADER2 and ADER3 schemes are identical and are given in Figs 7 and 8. We observe that the schemes are stable under the conventional stability condition of the 3D unsplit Godunov scheme
(3.10)
Direct evaluation of the leading term of the truncation error ε(∆x, ∆y, ∆t) as a function of K x , K y and K z shows that both ADER2 and ADER3 achieve the desired r th order of accuracy in space and time. The corresponding expressions are omitted. For the ADER3 scheme in two limiting cases of 1D advection, the truncation error coincides with the corresponding truncation error of the third-order upwind-biased scheme in the purely 1D case, see Table 3 . 
Conclusions
In this paper, we have analysed stability properties and truncation errors of ADER schemes. The analysis has been divided into three parts: 1D linear and nonlinear schemes, 2D linear schemes and 3D linear schemes. In the first part, we have studied linear schemes with conventional single-polynomial reconstruction, linear schemes with increased spatial order of accuracy as well as linear and nonlinear schemes with weighted reconstruction. The analysis shows that the properties of the schemes depend strongly on the choice of the reconstruction stencil. Overall, 1D schemes with weighted reconstruction are the most accurate but have a reduced linear stability region. However, in practical calculations, the nonlinear versions are stable under the usual Courant number limitations for both smooth and discontinuous solutions. We also found some unusual stability regions for the fourth-order schemes, e.g. the scheme with centred reconstruction is stable for Courant numbers up to two. In general, we find that the stability regions of schemes of even and odd orders of accuracy are quite different. In particular, the third-order scheme with nonlinear WENO reconstruction seems to be the best from the practical point of view.
In two-spatial dimensions, we have analysed second-, third-and fourth-order schemes with different reconstructions. Due to increased complexity of these schemes, we have limited ourselves to some selected reconstructions only. Overall, we observe that the designed schemes have conventional or larger stability regions. The corresponding truncation error is such that for special cases of advection in one dimension only, it coincides in most cases with that of the corresponding 1D scheme. In three-spatial dimensions, our analysis is limited to second-and third-order schemes which are shown to be stable with a conventional stability region. The truncation error of the third-order scheme reduces to that of the 1D one when advection takes place in one-spatial dimension only. Overall, the third-order scheme again seems to be a good practical choice.
Finally, we have shown that unlike DG methods, the stability regions of the present ADER finitevolume methods are essentially independent of the order of accuracy.
